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FOLIATION OF A SPACE ASSOCIATED TO VERTEX OPERATOR
ALGEBRA ON A RIEMANN SURFACE VIA CHARACTERS
A. ZUEVSKY
Abstract. We construct the foliation of a character space associated to a vertex
operator algebra on Riemann surfaces. The foliation is defined by means of
the structure of characters for vertex operator algebras considered on Riemann
surfaces. We prove that the computation of a general genus g correlation functions
determines a foliation on the space of characters a sewn Riemann surface. Certain
further applications of the definition are proposed.
1. Introduction
The theory of vertex operator algebra (VOA) characters considered on Riemann
surfaces is a rapidly developing field of studies. Algebraic nature of methods applied in
this field helps to understand and compute the structure of VOA character spaces. On
the other hand, the geometric side of VOA characters sits in associating their formal
parameters with local coordinates on a manifold. Depending on the geometry, one can
obtain various consequences for a vertex operator algebra and its space of characters.
One is able to study the geometry of a manifold using the algebraic structure of a VOA
defined on it, and, in particular, it is important to consider foliations of associated
spaces.
In this paper we introduce the formula for an n-point function for a vertex operator
algebra V on a genus g Riemann surface S(g) obtained as a result of sewing of lower
genus surfaces S(g1) and S(g2) of genera g1 and g2, g = g1+g2. Using this formulation,
we then introduce the construction of a foliation for the character space for vertex
operator algebra with formal parameters defined on general sewn Riemann surfaces.
Computations of a vertex operator algebra characters allow us to define foliation of
the space associated to a vertex operator algebra with formal parameter associated
to a local coordinate on a genus g Riemann surface sewn from lower genus Riemann
surfaces. Such foliations are important both for studies of character space for a vertex
operator algebras and possibly for studies of smooth manifolds in the frames of Losik’s
approach [5].
2. Vertex operator algebras
A Vertex Operator Algebra (VOA) [3] (V, Y,1, ω) consists of a Z-graded complex
vector space V =
⊕
n∈Z V(n) where dim V(n) < ∞ for each n ∈ Z, a linear map




Y : V → End(V )[[z, z−1]] for a formal parameter z and pair of distinguished vectors:
the vacuum 1 ∈ V(0) and the conformal vector ω ∈ V(2). For each v ∈ V , the image
under the map Y is the vertex operator




with modes v(n) ∈ End(V ), where Y (v, z)1 = v + O(z). Vertex operators satisfy
locality, i.e., for all u, v ∈ V there exists an integer k ≥ 0 such that
(z1 − z2)
k [Y (u, z1), Y (v, z2)] = 0.
The vertex operator of the conformal vector ω is




where the modes L(n) satisfy the Virasoro algebra with central charge c




We define the homogeneous space of weight k to be
V(k) = {v ∈ V |L(0)v = kv},
and we write (v) = k for v ∈ V(k).
3. Construction of an n-point function at genus g Riemann surface
Recall that a conformal field theory defined on a Riemann surface S(g) of genus




V (v1, z1; . . . ; vn, zn)
}
of all characters for all n, and
all choices of points zi ∈ S
(g), and all choices of elements vi of corresponding vertex
operator algebra V .
Here we introduce the formula for an n-point character for a vertex operator algebra
V on a genus g Riemann surface S(g) obtained as a result of sewing of lower genus
surfaces S(g1) and S(g2) of genera g1 and g2, g = g1 + g2. The genus g n-point
character function for a1, . . . , aL ∈ V and b1, . . . , bR ∈ V , L + R = n inserted at
x1, . . . , xL ∈ S
(g1) and y1, . . . , yR ∈ S






























Here ǫ is the sewing parameter [7] and Ω
(gi)
i , i = 1, 2 are period matrices for Riemann
surfaces S(gi). We also assume that there exists non-degenerate bilinear form on V [3].
On the right hand side it is present in the definition of the dual state ū with respect
to such form.
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There exists an algebraic procedure [8] recursively relating n-point correlation func-
tions to (n − 1)-point functions for vertex operator algebras on the torus. In [8] we
find that the genus one n-point correlation functions obey
Z
(1)
















P1+j(z1 − zk, τ)Z
(1)
V (v2, z2; . . . ; v1[j]vk, zk; . . . ; vn, zn; τ),
where Pl(z, τ) are Weierstrass functions [4], and square bracket on the right hand side
denotes the deformed mode for vertex operator algebra on the torus [8].
This recursion procedure [8] allows us to reduce an n-point character to a function
of one-point character and can be derived for any genus Riemann surface. There





























































4. Construction of a character space foliation over Riemann surfaces
for vertex operator algebra
The construction of a vertex operator algebra (VOA) n-point function of arbitrary
genus gives us a hint how to define a special-type foliation of a space related to a VOA
with the formal parameter associated to coordinates on a Riemann surface (formed
from two lower genus surfaces) of genus g by means of VOA characters.
A p-dimensional foliation F of an n-dimensional manifold M is a covering by a
system of domains {Ui} of M together with maps
φi : Ui → C
n,




















In this paper, we would like to foliate the space
Mn = V
⊗n × S(g),
where V is a vertex operator algebra, and S(g) is a Riemann surface of genus g.
Proposition 1. The characters (3.1) determine a foliation on the space M =
⊕
n≥0 Mn.
Proof. We consider a system of charts {Um}, m ∈ N, covering the Riemann surface
part of the space Mn. Suppose certain points xi, 1 ≤ i ≤ p ≤ n are situated on
S(g1)-part and other xi, p + 1 ≤ i ≤ n are on S
(g2)-part of the Riemann surface
S(g). On the Riemann surface S(g1) of genus g1, let us choose a particular point xi,
1 ≤ i ≤ p ≤ n with associated local coordinate zi around xi which belongs to the
domain Ui of the system {Um}. For another point xj , 1 ≤ j 6= i ≤ p on S
(g1)-part we
associate a domain Uj intersecting with Ui. It can be always done since we can move
points xi, 1 ≤ i ≤ p around S
(g1)-part of the Riemann surface S(g).
Now let us compute a p ≤ n-point V -character Z(g1)(v1, z1; . . . ; vp, zp) by means
of the recursion procedure described above reducing p-point character to a one-point
character Z(g1)(vi, zi) associated to our chosen point xi in the domain Ui. Due to
properties of vertex operators, the vertex algebra elements v1, . . . , vp can be chosen
so that the expansion of the character Z(g1)(v1, z1; . . . ; vp, zp) has a dimension p poly-
nomial nature, [1]. The procedure of computation of Z(g1)(v1, z1; . . . ; vp, zp) by the
reduction to one-point character Z(g1)(vi, zi) defines a map
φi : V
⊗p × S(g1) → Cp.
The result of computation of Z(g1)(v1, z1; . . . ; vp, zp) can re-written to reduce to an-
other one-point function Z(g1)(vj , zj) associated to another coordinate zj around a
point xj in the domain Uj . Thus, we can define the inverse map
φ−1j : C
p → V ⊗
p
× S(g1).
For any set x of pairs of non-coinciding points among x1, . . . , xp on S
(g1) we then




ij (x) = φiφ
−1
j (x).
Exactly similar procedure is then performed for any set of y non-coinciding points
among xp+1, . . . , xn on the Riemann surface S
(g2) of genus g2 to define ϕ
(g2)
ij (y). Then












As a result, we have defined a foliation of the space Mn by means of characters for
corresponding vertex operator algebras with the formal parameter associated to a
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coordinate on a Riemann surface. The total space M =
⊕
n≥0 Mn is foliated similar
to Mn. 
The general situation is more complicated. Namely, we have to vary n, p, the set
of vertex operator elements {vi}, i = 1, . . . , n, and g1, g2 with g = g1 + g2 (note also,
that another parameter can be provided by the type of grading of the vertex operator
algebra).
5. Further directions
The recursion procedure [8] plays a fundamental role in the theory of characters for
vertex operator algebras. It provides relations between n- and n− 1- point character
functions. In our foliation picture, the recursion procedure brings about relations
among leaves of foliation. We work in the [2] approach to definition and computation
of cohomologies of vertex operator algebras. Taking into account the above definitions
and construction, we would like to develop a theory of characteristic classes for vertex
operator algebras, and, in particular, for the space M =
⊕∞
n=0 V
⊗n × S(g). This
can have a relation with Losik’s work [5] proposing a new framework for singular
spaces and new kind of characteristic classes. Losik defines a smooth structure on
the leaf space M/F of a foliation F of codimension n on a smooth manifold M that
allows to apply to M/F the same techniques as to smooth manifolds. Losik defined
the characteristic classes for a foliation as elements of the cohomology of certain
bundles over the leaf space M/F . Similar to Losik’s theory, we use certain bundles
(of correlation functions) over a foliated space.
On the other hand, we would like to apply methodology of vertex algebras in order
to complete Losik’s theory of characteristic classes. One can mention a possibility
to derive differential equations [2] for characters on separate leaves of foliation. Such
equations are derived for various genera and can be used in frames of Vinogradov
theory [6]. The structure of foliation (in our sense) can be also studied from the
automorphic function theory point of view. Since on separate leaves one proves auto-
morphic properties of characters, on can think about ”global” automorphic properties
for the whole foliation.
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